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THE GEOMETRY OF SYSTEMS OF THIRD ORDER
DIFFERENTIAL EQUATIONS INDUCED BY SECOND ORDER
LAGRANGIANS
IOAN BUCATARU AND RADU MIRON
Abstrat. A dynamial system on the total spae of the bre bundle of
seond order aelerations, T 2M , is dened as a third order vetor eld S on
T 2M , alled semispray, whih is mapped by the seond order tangent struture
into one of the Liouville vetor eld. For a regular Lagrangian of seond order
we prove that this semispray is uniquely determined by two assoiated Cartan-
Poinaré one-forms. To study the geometry of this semispray we onstrut a
nonlinear onnetion, whih is a Lagrangian subbundle for the presympleti
struture. Using this semispray and the assoiated nonlinear onnetion we
dene ovariant derivatives of rst and seond order. With respet to this, the
seond order dynamial derivative of the Lagrangian metri tensor vanishes.
2000 MSC: 53B40, 53C60, 70G45
Keywords and phrases: Craig-Synge equations, third order vetor eld, semis-
pray, nonlinear onnetion, se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1. Introdution
The notion of spray as a vetor eld that lives on the total spae of the rst order
tangent bundle was introdued by Ambrose et al. [2℄. For a regular Lagrangian
of order one, solutions of the Euler-Lagrange equations are integral urves of the
anonial semispray, whih is a seond order vetor eld. The anonial semispray
of a Lagrange spae is uniquely determined by its sympleti struture and the
energy of the spae. This point of view allows for studying rst integrals, Cartan
symmetries, and Noether type theorems and it has been investigated by Klein [24℄,
Godbillon [20℄, Abraham and Marsden [1℄, Arnold [4℄, Crampin and Pirani [14℄,
de León and Rodrigues [27℄, Krupkova [25℄, Miron and Anastasiei [32℄. For the
dierential geometry of a seond order vetor eld one has to study its assoiated
nonlinear onnetion and dynamial ovariant derivative. Suh nonlinear onne-
tion was introdued by Crampin [13℄ and Grifone [21℄ and it is a very important
tool for the geometry of Finsler and Lagrange spaes developed by Miron and Anas-
tasiei [32℄. For a regular Lagrangian, the anonial nonlinear onnetion is the only
onnetion that is metri and ompatible with the sympleti struture, as it has
been shown in [7℄.
Tangent bundles of higher order are anonially endowed with tangent strutures
of higher order, introdued by Eliopoulos [19℄. This tangent geometry of higher or-
der provides a speial dierential alulus, whih has been investigated by many
authors, for example by Yano and Ishihara [38℄, Tulzyjew [37℄, de León and Ro-
drigues [26℄, Saunders [34℄, Miron [31℄. Important works that onnet the geometry
of higher-order dierential equations with the geometry of higher order Lagrangian
mehanis are due to Crampin et al. [15℄, de León and Rodrigues [28℄, Byrnes [9℄.
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Spaes involving metri tensors whose omponents are funtions of position and
higher order aelerations were introdued rst by Kawaguhi [22℄. The variational
problem of suh metri strutures of order k, k ≥ 1, was investigated by Craig [12℄
and Synge [36℄ who assoiated to it a number of k + 1 ovariant vetors. Among
these vetors, only the last two live on the tangent spae of order k. For a reg-
ular Lagrangian of order k, the last one determines one of the Cartan-Poinaré
one forms, the one before the last one determines a vetor eld of order k + 1.
This vetor eld was alled by Miron in [30℄ the Craig-Synge vetor eld, or the
anonial semispray, of the Lagrange spae of order k. The geometry of higher
order Lagrangians based on the assoiated semispray and the assoiated nonlinear
onnetion has been developed reently by Miron [31℄. From a semispray that lives
on the tangent bundle of order k, one an derive dierent nonlinear onnetions as
it has been done by Catz [11℄, de León and Rodrigues [26℄, Byrnes [9℄, Miron and
Atanasiu [32℄, Buataru [6℄. For k > 1 these nonlinear onnetions are dierent
and the expression of their oeients is quite ompliated. Geometri invariants
indued by two dierent nonlinear onnetions assoiated to suh a semispray were
studied by Crampin and Saunders [16℄. In this paper we limit our work to the ase
of seond order Lagrangians.
A dynamial system on the total spae of seond order aeleration bundle T 2M
is dened as third order vetor eld, S, whih lives on T 2M and is mapped by
the seond order tangent map into one of the Liouville vetor eld. Suh vetor
eld is alled a semispray. For a regular Lagrangian of seond order, we prove that
one an assoiate to it two Cartan-Poinaré one-forms and two Cartan-Poinaré
two-forms. We show that one of the Cartan-Poinaré two-forms is a presympleti
form. Moreover, both vertial distributions are Lagrangian subbundles with respet
to this presympleti form.
The lassial variational problem for a seond order Lagrangian leads to fourth-
order equations, whih are the Euler-Lagrange equations. To the fourth-order
Euler-Lagrange vetor eld, Craig [12℄ and Synge [36℄ assoiated another vetor
eld of third order, whih was alled the Craig-Synge vetor by Miron [30℄. In this
paper we study Craig-Synge equations and the orresponding vetor eld sine they
live on the seond order tangent bundle of the base manifold. For this vetor eld,
whih is a semispray of the onsidered regular Lagrangian of seond order, we prove
that it is uniquely determined by the two assoiated Cartan-Poinaré one-forms.
This result extends the work of Sarlet et al. [35℄ for the anonial seond order
vetor eld of a rst order regular Lagrangian. We prove that the Craig-Synge ov-
etor an be obtained diretly by a speial variational priniple of a seond order
regular Lagrangian for the ase when only the vertial part of the urve is varied. It
is known that for a Lagrangian of order grater than one, the integral of ation along
a urve does not depend on the parametrization of the urve only if the Lagrangian
is degenerate. This is known as Zermelo ondition, geometri aspets of this on-
dition were investigated by Kondo, [23℄. Therefore for a regular Lagrangian, when
studying the integral of ation, the parametrization of a urve is essential. The vari-
ation of the vertial part of the urve allows for variation of suh parametrization.
Reently, seismi ray path through higher order metri spaes, where the Zermelo
ondition is satised, were investigated by Yajima and Nagahama [39℄.
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A nonlinear onnetion on the seond order tangent bundle together with a semis-
pray dene dynamial ovariant derivatives of rst and seond order. These ovari-
ant derivatives allow for invariant expressions of various geometri objets derived
from a seond order Lagrangian. In this paper we give onditions that uniquely
determine a new nonlinear onnetion of a seond order regular Lagrangian. One
of these onditions states that the orresponding horizontal distribution is a La-
grangian subbundle for the presympleti form. With respet to this nonlinear
onnetion, the seond order dynamial ovariant derivative of the metri tensor
vanishes. This generalizes the result for a rst order regular Lagrangian, where the
dynamial ovariant derivative of the metri tensor vanishes, [7℄.
2. Seond order tangent bundle
The spae of seond order aelerations an be identied with the spae of se-
ond order tangent bundle. The spae of higher order tangent bundles using jet
theory was introdued by Ehresmann [18℄. In this setion we present some of the
geometri strutures that live on the total spae of the seond order tangent bundle,
suh as seond order tangent strutures, Liouville vetor elds, vertial and hori-
zontal distributions and semispray. These strutures were investigated previously
by Eliopoulos [19℄, Yano and Ishihara [38℄, Tulzyjew [37℄, de León and Rodrigues
[26℄, Crampin et al. [15℄ and Miron [31℄.
For a real, n-dimensional, smooth manifold M , we denote by
(
T 2M,pi2,M
)
its
tangent bundle of seond order. A loal hart
(
U,ϕ =
(
xi
))
on M indues a loal
hart
((
pi2
)−1
(U) ,Φ =
(
xi, y(1)i, y(2)i
))
on T 2M , where for a two-jet j20ρ ∈ T
2M ,
the oordinate funtions are dened as follows
y(α)i
(
j20ρ
)
=
1
α!
dα
(
xi ◦ ρ
)
dtα
∣∣∣∣∣
t=0
, α ∈ {1, 2} .
The seond order tangent struture J and seond order otangent struture J∗,
whih are alled also vertial endomorphisms, are dened as follows
J =
∂
∂y(1)i
⊗ dxi +
∂
∂y(2)i
⊗ dy(1)i, J∗ = dxi ⊗
∂
∂y(1)i
+ dy(1)i ⊗
∂
∂y(2)i
.
The foliated struture of T 2M allows for two regular vertial distributions, V1 (u) =
Ker dupi
2 = Ker J2 = Im J and V2 (u) = J (V1 (u)) = Ker dupi
2
1 = Ker J =
Im J2, ∀u ∈ T 2M . These two distributions are integrable, the rst one is tangent
to the bers of pi2 :
(
x, y(1), y(2)
)
∈ T 2M 7→ (x) ∈ M , while the seond one is
tangent to the bers of pi21 :
(
x, y(1), y(2)
)
∈ T 2M 7→
(
x, y(1)
)
∈ TM .
The following two vertial vetor elds are globally dened on T 2M and they
are alled Liouville vetor elds.
C2 = y
(1)i ∂
∂y(1)i
+ 2y(2)i
∂
∂y(2)i
, C1 = J (C2) = y
(1)i ∂
∂y(2)i
.
A semispray is a globally dened vetor eld S on T 2M that satises the equation
JS = C2. Therefore, a semispray S, whih is a third order vetor eld, an be
expressed as follows
(1) S = y(1)i
∂
∂xi
+ 2y(2)i
∂
∂y(1)i
− 3Gi
(
x, y(1), y(2)
) ∂
∂y(2)i
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and it is perfetly determined by its oeient funtions Gi
(
x, y(1), y(2)
)
. In this
paper we provide onditions that uniquely determine suh a semispray for a regular
seond order Lagrange spae.
A nonlinear onnetion, or a horizontal distribution, on T 2M is a regular dis-
tribution N : u ∈ T 2M 7→ N (u) ⊂ TuT
2M that is supplementary to the vertial
distribution V1. In other words, the following diret sum holds true.
(2) TuT
2M = N (u)⊕ V1 (u) , ∀u ∈ T
2M.
Sine dupi
2 : TuT
2M 7→ Tpi2(u)M is an epimorphism of vetor spaes, whose ker-
nel is V1 (u), its restrition to N (u) is an isomorphism of vetor spaes. We denote
by lh,u : Tpi2(u)M −→ N (u) its inverse, to whih we refer to as the horizontal lift
indued by the nonlinear onnetion N . If we onsider the regular, n-dimensional
distribution N1 (u) = J (N (u)) then we have the following diret sums.
(3) TuT
2M = N (u)⊕N1 (u)⊕ V2 (u) , V1 (u) = N1 (u)⊕ V2 (u) , ∀u ∈ T
2M.
An adapted basis to the rst deomposition (3) is given by
(4)
δ
δxi
∣∣∣∣
u
:= lh,u
(
∂
∂xi
∣∣∣∣
pi2(u)
)
,
δ
δy(1)i
∣∣∣∣
u
:= J
(
δ
δxi
∣∣∣∣
u
)
,
∂
∂y(2)i
∣∣∣∣
u
.
With respet to the natural basis of TuT
2M , we use the following notations:
(5)
δ
δxi
∣∣∣∣
u
=
∂
∂xi
∣∣∣∣
u
−N ji
(1)
(u)
∂
∂y(1)j
∣∣∣∣
u
−N ji
(2)
(u)
∂
∂y(2)j
∣∣∣∣
u
.
Funtions N ji
(1)
and N ji
(2)
are alled loal oeients of the nonlinear onnetion N .
The dual basis of the adapted basis given by expression (4) is given by
(6) dxi, δy(1)i = dy(1)i +M ij
(1)
dxj , δy(2)i = dy(2)i +M ij
(1)
dy(1)j +M ij
(2)
dxj .
FuntionsM ij
(1)
andM ij
(2)
are alled the dual oeients of the nonlinear onnetion
and they are related to the oeients of the nonlinear onnetion through the
following formulas
(7) M ij
(1)
= N ij
(1)
, M ij
(2)
= N ij
(2)
+N im
(1)
Nmj
(1)
.
A semispray indues a nonlinear onnetion, whih an be expressed in terms
of some produt strutures as it has been shown by Catz [11℄ and de León and
Rodrigues [26℄. Dierent sets of dual oeients of nonlinear onnetions indued
by a semispray were obtained by Miron [31℄ and Buataru [6℄. In this paper we
provide onditions that uniquely determine a nonlinear onnetion in terms of its
ompatibility with the metri struture and the presympleti struture of a seond
order Lagrange spae.
3. Seond order Lagrange spae
Important geometri strutures for the geometry of a regular rst order La-
grangian an be derived from the assoiated Cartan-Poinaré one and two-forms:
Euler-Lagrange vetor eld, nonlinear onnetion, symmetries. In this setion we
introdue some of the geometri strutures one an assoiate to a seond order
regular Lagrangian, suh as Cartan-Poinaré one and two-forms. We study their
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relations with some other geometri strutures that live on the seond order tangent
bundle.
Consider L : T 2M −→ R a regular Lagrangian of seond order. In other words,
the metri tensor
(8) gij =
1
2
∂2L
∂y(2)i∂y(2)j
is a symmetri seond order tensor eld that has maximal rank n on T 2M.
A tensor eld on T 2M is alled a d-tensor eld if its omponents hange as the
omponents of a similar tensor eld on the base manifold, under orresponding
hange of oordinates. The metri tensor given by expression (8) is a seond order
d-tensor eld sine its omponents gij behave as the omponents of a (0, 2)-type
tensor eld on the base manifold.
For a regular Lagrangian of seond order, one an dene the following globally
dened two Cartan-Poinaré one-forms:
(9) θ1L = J
∗ (dL) = dJL =
∂L
∂y(1)i
dxi +
∂L
∂y(2)i
dy(1)i and
(10) θ2L = (J
∗)2 (dL) = dJ2L =
∂L
∂y(2)i
dxi.
We onsider also the following Cartan-Poinaré two-forms:
ω2L = dθ
2
L = d
(
∂L
∂y(2)i
dxi
)
= d
(
∂L
∂y(2)i
)
∧ dxi =
∂2L
∂xj∂y(2)i
dxj ∧ dxi +
∂2L
∂y(1)j∂y(2)i
dy(1)j ∧ dxi + 2gjidy
(2)j ∧ dxi,(11)
(12) ω1L = dθ
1
L = d
(
∂L
∂y(1)i
)
∧ dxi + d
(
∂L
∂y(2)i
)
∧ dy(1)i.
We remark here that the regularity of the Lagrangian L implies the fat that
rank
(
ω2L
)
= 2n < 3n = dim
(
T 2M
)
. We refer to ω2L as to the anonial presym-
pleti struture of the Lagrangian L. These aspets were briey disussed in [8℄.
Proposition 3.1. Consider S an arbitrary semispray on T 2M . For a seond order
Lagrangian L, its Cartan-Poinaré one and two-forms have the following properties.
(1) dJθ
2
L = dJdJ2L = 0, dJ2θ
1
L = dJ2dJL = 0,
(2) iSθ
1
L = θ
1
L (S) = C2 (L) , iSθ
2
L = θ
2
L (S) = C1 (L) ,
(3) LSθ
1
L = iSω
1
L + d (C2 (L)) , LSθ
2
L = iSω
2
L + d (C1 (L)) .
Proof. First two properties follow diretly from expressions (11) and (12), if we
ompose with J and J2 respetively. Next two properties are diret onsequenes
of expressions (9) and (10). Last two properties follow from the previous ones if we
take the exterior dierential and use the fat that LS = diS + iSd, where LS is the
Lie derivative along the semispray S. 
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First property of Proposition 3.1 means that ω2L (JX, JY ) = ω
2
L
(
J2X, J2Y
)
= 0,
∀X,Y ∈ χ
(
T 2M
)
and therefore both vertial distributions V1 and V2 are La-
grangian subbundles for the presympleti struture ω2L. Seond property of Propo-
sition 3.1 means that ω1L
(
J2X, J2Y
)
= 0, ∀X,Y ∈ χ
(
T 2M
)
and therefore the ver-
tial distribution V2 is a Lagrangian subbundle for the Cartan-Poinaré two-form
ω1L.
We will explain now how the results in this setion extend the well-known results
for the rs order ase, to whih we refer to Crampin and Pirani [14℄. Consider
L : (x, y) ∈ TM 7→ L(x, y) ∈ R a rst order regular Lagrangian and let
(13) θL = dJL =
∂L
∂yi
dxi, ωL = ddJL = d
(
∂L
∂yi
)
∧ dxi
be the Cartan-Poinaré one and two-forms. For these we have the following prop-
erties.
The vertial distribution of the tangent bundle is a Lagrangian subbundle for
the sympleti struture ωL. This is due to the fat that dJθL = d
2
JL = 0 and
therefore ωL (JX, JY ) = 0, for all X,Y vetor elds on TM .
For an arbitrary semispray S on TM , whih is a seond order vetor eld on
the base manifold M , we have iSθL = C(L), where C = y
i
(
∂/∂yi
)
is the Liouville
vetor eld on TM . By taking the exterior dierential of the above formula we
obtain iSωL = LSθL − d (C(L)) . For the Euler-Lagrange vetor eld S we have
LSθL = dL. Therefore, the equation iSωL = −d (L− C(L)) uniquely determines
the anonial semispray and implies that S is a Cartan symmetry for the Euler-
Lagrange equations.
4. Third order vetor fields and Craig-Synge ovetors
Spaes with metri strutures whose omponents depend on higher order ael-
erations were introdued by Kawaguhi, [22℄. The lassi variational problem of a
metri struture of order two indues the Euler-Lagrange ovetor eld, whih is of
order four. From the orresponding vetor eld, whih lives on the tangent bundle
of order three, it is diult to derive geometri objets that live on the tangent
bundle of seond order and to develop a geometri theory of the given Lagrangian
of seond order.
For a seond order regular Lagrangian, using the Euler-Lagrange ovetor eld,
Craig [12℄ and Synge [36℄ derived another ovetor of order three along a urve.
Miron [30℄ paid a speial attention to this ovetor that was alled Craig-Synge
ovetor. The orresponding vetor eld lives on the tangent bundle of order two,
it is a semispray and one an develop from it the geometry of the given Lagrangian.
In this setion we prove, that the Craig-Synge ovetor an be independently
derived using a variational priniple of a regular seond order Lagrangian, for the
ase when only the vertial omponents of the urve are varied. The orresponding
vetor eld is a semispray assoiated to the seond order Lagrange spae. In this
setion we provide the equation that uniquely determines this anonial semispray
of a seond order regular Lagrangian. This equation generalizes the well-known
equation for a rst order Lagrangian.
Consider the following variational problem for the regular Lagrangian L. Let
cε : t ∈ [0, 1] 7→ cε (t) =
(
xi (t) ,
dxi
dt
(t) + εV i (t) ,
1
2
d2xi
dt2
(t) + ε
dV i
dt
(t)
)
∈ T 2M,
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be a variation of the urve c (t) = c0 (t) in T
2M , where ε belongs to some small
neighborhood of 0 ∈ R, and V i (t) are the omponents of a vetor eld along urve
c suh that V i (0) = V i (1) = 0. We look for neessary onditions for the urve
c = c0 to be an extremal of the integral
I (cε) =
∫ 1
0
L
(
xi (t) ,
dxi
dt
(t) + εV i (t) ,
1
2
d2xi
dt2
(t) + ε
dV i
dt
(t)
)
dt.
For this we require that c is a solution of the following equation
(14)
d
dε
(I (cε))
∣∣∣∣
ε=0
= 0.
Equation (14) an be written as follow
0 =
d
dε
(I (cε))
∣∣∣∣
ε=0
=
∫ 1
0
(
∂L
∂y(1)i
V i +
∂L
∂y(2)i
dV i
dt
)
dt
=
∫ 1
0
[
∂L
∂y(1)i
−
d
dt
(
∂L
∂y(2)i
)]
V idt+
(
∂L
∂y(2)i
V i
)∣∣∣∣
t=1
t=0
.
Sine V is an arbitrary vetor eld, we have that equation (14) holds true if and
only if the following Craig-Synge equations, [12℄, [36℄ are satised:
(15)
∂L
∂y(1)i
−
d
dt
(
∂L
∂y(2)i
)
= 0.
For a regular Lagrangian L, equations (15) represent a system of third order dier-
ential equations, whih an be written as follows:
(16)
d3xi
dt3
+ 3!Gi
(
x,
dx
dt
,
1
2!
d2x
dt2
)
= 0.
The funtions Gi are given by
(17) 3Gj =
1
2
gji
[
dT
(
∂L
∂y(2)i
)
−
∂L
∂y(1)i
]
and they are loal oeients of a semispray, as it has been shown by Miron in
[30℄. We refer to the vetor eld S given by expression (1), whose oeients are
given by expression (17), as to the semispray S of the regular Lagrangian L. In
expression (17), dT is the Tulzyjew operator, [37℄
dT = y
(1)i ∂
∂xi
+ 2y(2)i
∂
∂y(1)i
.
Next theorem gives the equation that uniquely determines the semispray of a
seond order regular Lagrangian.
Theorem 4.1. For a regular seond order Lagrangian L, the semispray, whose
oeients are given by expression (17), is the only semispray S on T 2M that
satises the following equation
(18) LS (dJ2L) = dJL.
Proof. Consider S a semispray on T 2M , given by expression (1). The Lie derivative
of the Cartan-Poinaré one-form θ2L = dJ2L has the following expression
(19) LSθ
2
L =
[
dT
(
∂L
∂y(2)i
)
− 6gjiG
j
]
dxi +
∂L
∂y(2)i
dy(1)i.
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Using expression (19), we obtain that for a regular Lagrangian, equation (18)
uniquely determines the funtions Gi, whih are given by expression (17). 
Corollary 4.2. For a regular seond order Lagrangian L, its semispray is uniquely
determined by the following equation
(20) iSω
2
L = −d (C1 (L)) + θ
1
L.
Proof. From Proposition 3.1 it follows that LSθ
2
L = iSω
2
L + d (C1 (L)). Therefore,
equations (18) and (20) are equivalent and eah of them, uniquely determine the
semispray of the regular, seond order Lagrange spae. 
For a rst order regular Lagrangian L(x, y), as it has been shown by Sarlet et
al. [35℄, the anonial semispray is uniquely determined by the following equation
(21) LS (dJL) = dL.
For a rst order Lagrangian the orresponding equation for (20) reads as follows
(22) iSωL = −d (C(L)− L) .
We remark here that in equations (21) and (22) the right hand-side is an exat
form, while in equations (18) and (20) the right hand-side is not an exat form any
more sine θ1L is not even a losed one-form. This has the following onsequenes,
whih are dierent from the ase of a rst order Lagrangian.
Corollary 4.3. For a regular seond order Lagrangian, its semispray satises:
(1) LSω
2
L = ω
1
L,
(2) S (C1 (L)) = C2 (L).
Proof. If we take the exterior dierential of both sides of equation (18) and use
the fat that the Lie derivative ommutes with the exterior dierential, we obtain
LSω
2
L = ω
1
L. Using the skew symmetry of ω
2
L and expression (20), we obtain
S (C1 (L)) = C2 (L). 
From the above results we an see that the semispray S is not a symmetry for the
orresponding seond order Lagrange spae.
5. Seond order dynamial derivative
In this setion, we introdue dynamial ovariant derivatives of rst and seond
order, indued by a pair (S,N), where S is the assoiated semispray of a seond
order Lagrange spae and N is a nonlinear onnetion. Using these dynamial
derivatives and the presympleti struture we give onditions that uniquely de-
termine a nonlinear onnetion N . With respet to this nonlinear onnetion, the
seond order dynamial ovariant derivative of the metri tensor vanishes and the
horizontal distribution is a Lagrangian subbundle for the presympleti struture.
Let S be the assoiated semispray of a seond order Lagrange spae, whih is
uniquely determined by Theorem 4.1 and onsider N a nonlinear onnetion. For a
d-vetor eld with omponents X i, we dene its rst and seond order dynamial
derivatives as follows
(23) ∇X i = S
(
X i
)
+M ij
(1)
Xj, ∇2X i = S2
(
X i
)
+ 2M ij
(1)
S
(
Xj
)
+ 2M ij
(2)
Xj.
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Remark. Let X = X i
(
∂/∂xi
)
be a vetor eld on the base manifold M . Its
omplete lift, given by
(24) Xc = X i
∂
∂xi
+ S
(
X i
) ∂
∂y(1)i
+
1
2
S2
(
X i
) ∂
∂y(2)i
,
an be expressed as follows
(25) Xc = X i
δ
δxi
+∇X i
δ
δy(1)i
+
1
2
∇2X i
∂
∂y(2)i
.
One an extend these rst and seond order dynamial derivatives to arbitrary
d-tensor elds. In this paper we are interested in the rst and seond derivatives
of the metri tensor gij . These derivatives are given by
(26) ∇gij = S (gij)−N
k
i
(1)
gkj −N
k
j
(1)
gik,
∇2gij = S
2 (gij)− 2N
k
i
(1)
S (gkj)− 2N
k
j
(1)
S (gik)
−2Nki
(2)
gkj − 2N
k
j
(2)
gik + 2gmkN
k
j
(1)
Nmi
(1)
(27)
Consider g = gijdx
i ⊗ dxj the metri tensor of a seond order regular Lagrangian.
One an extend this tensor to the following metri struture on T 2M
gc = gij
(
dxi ⊗ dy(2)j + dy(1)i ⊗ dy(1)j + dy(2)i ⊗ dxj
)
+
S (gij)
(
dxi ⊗ dy(1)j + dy(1)i ⊗ dxj
)
+
1
2
S2 (gij) dx
i ⊗ dxj .(28)
With respet to the adapted basis of the nonlinear onnetion N , the metri
struture gc has the following expression
gc = gij
(
dxi ⊗ δy(2)j + δy(1)i ⊗ δy(1)j + δy(2)i ⊗ dxj
)
+
∇gij
(
dxi ⊗ δy(1)j + δy(1)i ⊗ dxj
)
+ 12∇
2gijdx
i ⊗ dxj .(29)
Theorem 5.1. Let S be the assoiated semispray of a seond order regular La-
grangian. There exists a unique nonlinear onnetion N on T 2M suh that
(1) ω2L (hX, v1Y ) = 2g
c (hX, v1Y ) , ∀X,Y ∈ χ
(
T 2M
)
.
(2) ∇2g = 0, dhθ
2
L = 0.
Proof. We prove that the rst ondition of the theorem uniquely determines the
rst oeients Nki
(1)
, while the seond ondition uniquely determines the seond
oeients Nki
(2)
of a nonlinear onnetion. We use the metri tensor gij to raise
and lower indies, therefore we denote
Nij
(1)
:= gikN
k
j
(1)
, Nij
(2)
:= gikN
k
j
(2)
.
The presympleti struture ω2L an be expressed, with respet to the adapted
basis of a nonlinear onnetion N , as follows
(30) ω2L =
δ
δxi
(
∂L
∂y(2)j
)
dxj∧dxi+
δ
δy(1)i
(
∂L
∂y(2)j
)
δy(1)j∧dxi+2gijδy
(2)j∧dxi.
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Condition 1 of the theorem an be written as follows
(31) ω2L
(
δ
δxi
,
δ
δy(1)j
)
=
δ
δy(1)i
(
∂L
∂y(2)j
)
= 2gc
(
δ
δxi
,
δ
δy(1)j
)
= 2gij|,
whih is equivalent to
(32) 2Nij
(1)
+ 4Nji
(1)
= 2S (gij) +
∂2L
∂y(1)i∂y(2)j
.
Sine ∇gij = gij| are the omponents of a seond rank symmetri d-tensor eld,
from expression (31) we obtain the symmetry in i and j of the following expression
δ
δy(1)i
(
∂L
∂y(2)j
)
,
whih is equivalent to
(33) 2Nij
(1)
− 2Nji
(1)
=
∂2L
∂y(2)i∂y(1)j
−
∂2L
∂y(2)j∂y(1)i
.
From expressions (32) and (33) we obtain that Nij
(1)
is uniquely determined and it
has the following expression
(34) Nij
(1)
=
1
3
S (gij) +
1
3
∂2L
∂y(2)i∂y(1)j
−
1
6
∂2L
∂y(2)j∂y(1)i
.
Using expression (27), we obtain that rst part of ondition 2 of the theorem,
∇2gij = 0, uniquely determines the symmetri part of Nij
(2)
.
(35) 2Nij
(2)
+ 2Nji
(2)
= S2 (gij)− 2S (gik)N
k
j
(1)
− 2S (gkj)N
k
i
(1)
+ 2gmkN
k
j
(1)
Nmi
(1)
.
Seond part of ondition 2 of the theorem an be written as follows ω2L (hX, hY ) =
0, ∀X,Y ∈ χ
(
T 2M
)
. From expression (30) this ondition implies the symmetry in
i and j of the following expression
δ
δxi
(
∂L
∂y(2)j
)
,
whih determines the skewsymmetri part of Nij
(2)
.
(36) 2Nij
(2)
−2Nji
(2)
=
∂2L
∂y(2)i∂xj
−
∂2L
∂y(2)j∂xi
−Nkj
(1)
∂2L
∂y(2)i∂y(1)k
+Nki
(1)
∂2L
∂y(2)j∂y(1)k
.
Using expressions (35) and (36), we obtain that the oeients Nij
(2)
are uniquely
determined. 
Corollary 5.2. With respet to the nonlinear onnetion determined by Theorem
5.1, the presympleti struture ω2L = dθ
2
L has the following form
(37) ω2L = dθ
2
L = 2gij|δy
(1)j ∧ dxi + 2gijδy
(2)j ∧ dxi.
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If h, v1 and v2 are the projetors that orrespond to the nonlinear onnetion
determined by Theorem 5.1, then the Poinaré-Cartan one -form θ2L satises the
following equations
(38) dhθ
2
L = dv1θ
2
L = dv2θ
2
L = 0.
Proof. First ondition and seond part of the seond ondition of Theorem 5.1 are
equivalent with the fat that the presympleti struture ω2L has with respet to
adapted basis of the nonlinear onnetion the form given by expression (37). All
equations (38) an be obtained diretly from expression (37) if we ompose it with
the projetors h, v1 and v2 respetively. 
Theorem 5.1 gives onditions that uniquely determine a nonlinear onnetion for a
seond order Lagrange spae. These onditions an be restated as follows, there is a
unique nonlinear onnetion suh that ∇2g = 0 and the presympleti struture ω2L
is given by expression (37). However, the expressions we obtained for the oeients
Nij
(1)
andNij
(2)
in the proof of the above theorem are not easy to use. Next proposition
gives a simpler form for the rst oeients of the onsidered nonlinear onnetion.
Proposition 5.3. Consider S the assoiated semispray of a seond order regular
Lagrangian L, whose oeients Gi are given by expression (17). The following
funtions are the rst oeients of the nonlinear onnetion determined by Theo-
rem 5.1.
(39) N ij
(1)
=
∂Gi
∂y(2)j
,
Proof. We have to show that the funtions N ij
(1)
given by expression (39) satisfy
expression (34), whih uniquely determine the rst oeients of the nonlinear
onnetion. The assoiated semispray S of a seond order regular Lagrangian has
the loal oeients given by expression (17) and it is uniquely determined by the
following ondition
(40) S
(
∂L
∂y(2)i
)
=
∂L
∂y(1)i
.
By diret alulation we have the following formula
(41)
[
S,
∂
∂y(2)i
]
= −2
∂
∂y(1)i
+ 3
∂Gj
∂y(2)i
∂
∂y(2)j
.
If we apply both sides of expression (41) to ∂L/∂y(2)k and use expression (40) we
obtain
(42) gjk
∂Gj
∂y(2)i
=
1
3
S (gik) +
1
3
∂2L
∂y(2)k∂y(1)i
−
1
6
∂2L
∂y(2)i∂y(1)k
.
From expressions (34) and (42) we obtain that rst oeients N ij
(1)
of the nonlinear
onnetion are given by expression (39). 
Aording to Proposition 5.3 the oeients N ij
(1)
of the nonlinear onnetion
determined by Theorem 5.1 are the same for the nonlinear onnetions that were
onsidered by Catz [11℄, Dodson and Radivoiovii [17℄, de Leon and Rodrigues [26℄,
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Byrnes [9℄, Miron [31℄ and Buataru [6℄. However, the other oeients N ij
(2)
of the
nonlinear onnetion we obtained in Theorem 5.1 are dierent and with respet to
them the presympleti form has a very simple form given by expression (37).
6. Examples
In this setion we onsider examples of seond order regular Lagrangians, whih
were previously used by Miron and Atanasiu [33℄ to extend semi-Riemannian, Fins-
lerian and Lagrangian strutures from the base manifold to the total spae of seond
order tangent bundles. For suh seond order regular Lagrangians we ompute the
assoiated semispray and the nonlinear onnetion as they have been dened in the
previous setions. If the Lagrangian funtion depends on position eetively, this
nonlinear onnetion is dierent from the prolongation of a nonlinear onnetion
introdued by Catz [11℄ and used by Miron and Atanasiu [33℄. It is also dierent
from the nonlinear onnetion used by Dodson and Radivoiovii [17℄ and de León
and Vasquez [26℄ to study the geometry of the tangent bundle of order two. Eah
of these nonlinear onnetions give information regarding the Lagrangian funtion
as we will see in this setion. However, for the semi-Riemannian ase, with respet
to the nonlinear onnetion introdued in the previous setion, the rst and se-
ond order ovariant derivatives of the metri tensor vanish and the presympleti
struture has a very simple form with respet to it.
Let g = gij (x) dx
i ⊗ dxj be a semi-Riemannian metri on the base manifold M
and denote by γijk (x) the Christoel symbols of the Riemannian metri. Consider
the rst order Lagrangian L1 : TM −→ R given by
(43) L1
(
x, y(1)i
)
= gij(x)y
(1)iy(1)j =
∥∥∥y(1)∥∥∥2 .
We reall that the geodesis of the semi-Riemannian metri g, whih are extremal
urves for the rst order Lagrangian L1, are solutions of the following system of
equations:
(44) ∇
(
dxi
dt
)
= 0.
Using the fat that ∇g = 0, for a urve c(t) = (xi(t), y(1)i(t)) on TM we have that
(45)
d
dt
(
L1
(
x(t), y(1)i(t)
))
= 2gij(x(t))
dxi
dt
∇y(1)i,
from whih we obtain that L1 is onserved along the geodesis of the semi-Riemannian
metri g. The right hand side of expression (45) is the rst-order deformation La-
grangian L1, onsidered by Casiaro and Fraaviglia in [10℄, expression (3.3).
By diret alulation it follows that
(46) z(2)i = y(2)i +
1
2
γijk (x) y
(1)jy(1)k =
1
2
∇y(1)i
are the omponents of a d-vetor eld on T 2M , whih represents the ovariant
expression of the seond order aeleration. The funtion L2 : T
2M −→ R, given
by
(47) L2
(
x, y(1), y(2)
)
= gij (x) z
(2)iz(2)j =
1
4
∥∥∥∇y(1)i∥∥∥2
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is well dened on the seond order tangent spae, it is a seond order regular
Lagrangian and represents the square of the magnitude of the seond order ael-
eration. The following formulas an be obtained by a straightforward alulation.
(48)
∂L2
∂y(2)i
= 2gijz
(2)j,
∂L2
∂y(1)i
= 2gkjz
(2)jγkipy
(1)p,
∂2L2
∂y(1)i∂y(2)j
= 2gkjγ
k
ipy
(1)p.
The assoiated semispray of the seond order regular Lagrangian given by expres-
sion (47) is uniquely determined by Theorem 4.1. Its oeients are given by
3Gi = dT
(
z(2)i
)
+ γijkz
(2)jy(1)k
=
1
2
(
∂γijk
∂xm
+ γipjγ
p
km
)
y(1)jy(1)ky(1)m + 3γijky
(1)jy(2)k.(49)
The orresponding nonlinear onnetion of the seond order Lagrangian L2 is
uniquely determined by Theorem 5.1. First set of oeients of this nonlinear
onnetion are given by expression (39), whih in our ase are given by
N ij
(1)
(
x, y(1)
)
=
∂Gi
∂y(2)j
= γijk (x) y
(1)k
(50)
With respet to the nonlinear onnetion studied in [6℄ and using the seond or-
der ovariant derivative, the Craig-Synge equations, given by expression (16), of
the seond order Lagrangian L2 an be expressed in a very simple form, whih
generalizes the geodesi equation (44)
(51) ∇2
(
dxi
dt
)
= 0.
With respet to the nonlinear onnetion introdued by Miron and Atanasiu in [33℄,
for a urve c(t) =
(
xi(t), dxi/dt
)
on TM we have the following formula
(52)
d2
dt2
(
L1
(
x,
dx
dt
))
= 8L2
(
x,
dx
dt
,
1
2
d2x
dt2
)
+ 2gij(x(t))
dxi
dt
∇2
(
dxi
dt
)
,
whih is equivalent to
(53)
d2
dt2
∥∥∥∥dxdt
∥∥∥∥
2
= 2
∥∥∥∥∇
(
dxi
dt
)∥∥∥∥
2
+ 2gij(x(t))
dxi
dt
∇2
(
dxi
dt
)
.
With respet to the nonlinear onnetion introdued in the previous setion
the presympleti struture and the omplete lift have a very simple form. From
expression (37) we obtain that the anonial presympleti struture of the seond
order Lagrange spae an be expressed as follows
(54) ω2L2 = 2gijδy
(2)j ∧ dxi.
From expression (29), the omplete lift gc of the Riemannian metri tensor an be
expressed as follows:
(55) gc = gij
(
dxi ⊗ δy(2)j + δy(1)i ⊗ δy(1)j + δy(2)i ⊗ dxj
)
.
In this setion we have seen that the ovariant derivatives indued by the on-
sidered semispray and the nonlinear onnetion give simple ovariant expressions
for the geometri strutures assoiated to the seond order Lagrangian L2.
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